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Abstract

Recently, implicit patches have emerged as alternative
modeling primitives for three dimensional objects. In
designing three dimensional models, one often encoun-
ters various shape requests. This paper develops tech-
niques for satisfying such requests through shape con-
trol. In particular, we show how to achieve the convexity
of quadric patches or cubic patches.

1 Introduction

The end goal of geometric modeling is to design and
to manipulate three dimensional models represented by
free-form surfaces. Traditionally, free-form surfaces are
built from parametric patches. Parametric patches are
successful as far as design and rendering are considered,
but manipulating three dimensional models with para-
metric pathes poses fundamental difficulties. For exam-
ple, parametric patches are not closed under sweeping
and convolution. The intersection of two parametric
patches are extremely difficult to represent and evalu-
ate [HK86].

One way to avoid these problems is to build free-
form surfaces from low-degree implicit patches. Implicit
patches are closed under all common operations in ge-
ometric modeling [Baj88], and the intersections of low-

degree implicit patches can be computed efficiently[OSS].

Recent research shows that quadric and cubic implicit
patches are flexible enough for building arbitrary three
dimensional models [Guo90, Guo91].

A major reason that parametric patches have be-
come so popular in computer graphics is their good
shape control properties. In this paper, we tackle the
shape control issues of implicit patches. Using Bernstein-
Bezier representation of polynomials, we can control the
shapes of implicit patches through manipulating their
control points.

*This work is supported by DARPA under ONR contract
NO00014-86K-0591, NSF Grant DMC-86-17355, and ONR Grant
N00014-89J- 1946.
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In designing free-form surfaces, one often encounters
various shape requirements, such as a nice pattern of re-
flection lines and restrictions on the minimum radius of
curvature. Among all the shape requirements, convex-
ity is the most basic and the most frequently requested
one. In this paper, we show how to manipulate the con-
trol points of a quadric patch or a cubic patch so that
the patch become convex.

1.1 Previous work

Low-degree implicit surfaces are extensively used in the
existing solid modeling and graphics systems as mod-
eling primitives [RV83], and geometric operations on
low-degree implicit surfaces are well understood [OSS].
Implicit surfaces are also very useful in surface fitting
[PK89] and blending [RO87, MS85, HH&7, Bli82].

Many authors have addressed the shape control of
implicit patches [Scd85, WMW86, BW90]. In partic-
ular, Bloomenthal and Wyvill [BW90] discussed shape
control using skeletons, and Sederberg pointed out that
the Bernstein-Bezier representation are suitable for con-
trolling the shapes of implicit patches [Sed85].

1.2 Overview

This paper is organized as follows. After giving some
background information in Section 2, we describe the
basic shape control techniques in Section 3. Section 4
shows how to achieve the convexity of quadric patches
and cubic patches.

2 Bernstein-Bezier representation

Given a tetrahedron V with vertices X;, X2, X3, and X4,
one can express any point p in space as:

4
P= E TiXi,
i=1

where

i =1.
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The tuple (71, 72,73, 7s) is called the barycentric coor-
dinate of p. The barycentric coordinates are linearly
related to Cartesian coordinates, so any implicit poly-
nomial surface may be expressed in barycentric coordi-
nates via a linear change of variables.

For a non-negative integer tuple A = (A1, A2, A3, Ay)

with |A] = Z;l Ai = n, the Bernstein polynomial for
Alis \
" - —n____ A1 A2 Az h
B = s e

Using Bernstein polynomials, one can uniquely repre-
sent any polynomial f of degree < n as follows.

f(r) =Y baBi(7)
|Al=n

The by’s are referred to as the control pointsof the poly-

nomial f and its surface S(f) = {x|f(x) = 0}. The con-

trol points of a cubic polynomial are shown in Figure 1.
The following lemma is very useful.

Lemma 1 If
f(z)=")_ exBi()
A=k
and ci.i =0, then
Cr—1yeites = (Vf(xi), x5 — xi),
for3=1,2,3,4.
Proof: From [Dah86],
(xi — x5, Vf(x))

=k 2 (CA-}-e" —C/\+ej)B§_1(T)

IA|=k—-1

Letting x = x;, we prove the lemma. &

Figure 1: Cubic control points

3 The basic techniques for shape con-
trol

An implicit patch is defined as the zero contour of a
polynomial f inside a tetrahedron [x; xzx;;xdl.

f(r)y =Y baBi(r),

1A=k

where 7 is the barycentric coordinate defined by the
tetrahedron [x;X2Xx3x4]). The basic idea of shape con-
trol is to express the geometric properties the implicit
patch in terms of the control points so that one can
achieve shape objectives by requiring the control points
to satisfy certain constraints.

To get a feel for the effects of the control points, we
study a univariate cubic polynomial f.

f(u) = bso BJ?O + b2 Bgl + b12B?2 + b03B33,

The value of the function f over [0,1] and the convex hull
of the points (0,b30), (1/3,b21), (2/3, b;z) and (1 boa)
are shown in Flgure 2. The functions B3,, B3,, B},,
and B3, are shown in Figure 3.

From these figures, we can see the following.

1. At the end points of the interval [0,1], the control
points b3 and bos equal to the function values of

f.

2. The gradient of f at the end points of the interval
[0,1] are determined by bso, b21, b12, and bos.

3. The control point bzo has a effect on the value of
f(u) for all u except u = 0, and the effect is the
strongest near v = 1. Similar statement can be
made about other control points.

All these relations betwcen the control points and the
properties of the polynomial f generalize to trivariate
polynomials.

1 We denote by [Xy,---,Xx] the convex hull of { Xj,..., Xx }
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e control point

Figure 2: Function values of a univariate cubic function

Having understood the effect of the control points,
we use the control points to control the shape of the
surfaces. Consider the problem of interpolating points
and lines in space by a surface S(f). Since the values
of f at a vertex of the tetrahedron [x1X2X3X4] is equal
to the value the control point at the vertex, setting the
control point to zero forces the S(f) to pass through
the vertex. This method of interpolating a points can
be generalized to a method of interpolating the edges of
the tetrahedron [x)X2X3X4].

Moving on to the problem of controlling the tangent
plane of S(f), we consider the tangent plane of S(f) at
the vertex x;. The tangent plane at x, is defined by its
the gradient V f(x1). From Section 2, we know that

1 i
bik—1)et 4ei = F(Vf(xl)!xi -x1), 1=2,3,4

Since the vectors x; — x1 (j = 2, 3,4) are three linearly
independent vectors, the above relation implies that the
control points next to x; completely determine the gra-
dient V f(x1).

More sophisticated examples of shape control are
easy to come by. The restriction of f to an edge of
the tetrahedron [x1X2X3X4] is a univariate polynomial.
If the control points on the edge are all positive or all
negative, then the surface S(f) does not intersect the
edge. Otherwise, the surface S(f) intersects the edge
exact once if there is exactly one sign change in the list
of control points along the edge. Similar statements can
be made for the faces of [x1X2X3X4].

4 Achieving convexity

As an application of the techniques for shape control,
we derive the convexity condition of an implicit patch in
terms of its control points. Throughout this section, we
concentrate on the implicit patch defined as the portion
of a surface S(f) inside a tetrahedron V = [x1X2x3X4].

The reader is familiar with convex objects as a set
of points in three dimensional space such that the line
segment connecting two points in the set is contained
in the set. Convex surfaces are often defined as surfaces
whose Gaussian curvatures are positive over the entire

surface. Convex objects and convex surfaces are related
in that if a convex surface is closed and it bounds a
point set with finite volume, then the point set is a
convex object.

Defining a convex surface in terms of Gaussian cur-
vature is not convenient when dealing with implicit sur-
faces. So we use the definition of convex surfaces in
terms of the tangent planes. Let an implicit surface
S(f) have a tangent plane S(Px) at point x € S(f).
The surface S(f) is convex at the point x if the surface
S(f) is in the half space bounded by S(Px) and pointed
to by —Vf(x). An implicit patch is convex if its pri-
mary surface is convex at every point on the implicit
patch.

Notice the relationship between the convexity of the
surface S(f) and the convexity of the polynomial f. A
polynomial f is convex over the tetrahedron V if for any
two points x and y in the tetrahedron,

1R < 2500 + S5

It is easy to show that if the polynomial f is convex
over the tetrahedron V, then the implicit patch defined
as the portion of S(f) inside V is convex. However, the
converse is not true.

Motivated by the design of parametric convex sur-
faces, researchers in CAGD have obtained many results
on the convexity conditions of polynomials over trian-
gles [CP84]. It is possible to generalize these results
to polynomials over tetrahedra [DM88], thus obtaining
sufficient conditions for implicit patches to be convex.
However, the convexity conditions obtained this way are
often overly restrictive. So in the following, we derive
the convexity conditions of an implicit patch directly
from the definition of a convex implicit patch.

Let p’ = (r{, 73, 73, 74 ) be a point close to a point p =
(71,72, 73, 74) on the surface S(f). The Taylor expansion
of f, with higher order terms omitted, is

1) = 1)+ 3 gL (rt -
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Figure 3: Weight functions for a univariate cubic function

& f
o1 07;

4
1
= (rf = 7i)(r = ) (1)
t,7=1
The first term on the right-hand side of the above
equation, f(p), vanishes because p is on S(f). Moving
on to the second term, we notice that this term is the
same as the left-hand side of the tangent plane equation
at p,
4 of
{
—(r; — 1) =0.
> 5Ltri = m) (2
1=1
So the definition of a convex implicit surface implies
that S(f) is convex at p if

4

82 f

- oritj
ty=1

(T,-' - r.')(r,-' —-715) >0 (3)

for all p'. Introducing new variable o; = 7{ — i, we can

write (3) as
2.

Hhi=1

8% f
sa: >0
oTidT; @ig;2 0 (4)

The o’s satisfy the constraint

> ei=0 (5)

since the barycentric coordinates (7;) and (/) satisfy
the constraints

4

Z‘r.-:l and i:r,-'zl.
i=1

=1

3

To eliminate the constraint (5), we substitute — Y ;|

for o4 in (4). The result is

3

Z aij(p)oio; > 0 (6)

t;3=1
for arbitrary (o1, 02,03) with

of
o1 07;

0f 84 8
dr40ry  OmidTs  OT;OTy

aij(p) = (7)
The condition (6) is the condition for the surface S(f)
to be convex at the point p.

Applying the condition (6) to every point on an im-
plicit patch, we have the following theorem.

Theorem 1 An implicit patch is convex if the 3 x 3
matriz A = (aij) is positive definite for all points p on
the implicit patch.

Proof: Obvious from the above arguments. &

Generalizing the convexity conditions for bivariate
polynomials would give a sufficient condition requiring
the matrix A to be positive definite over the entire tetra-
hedron as opposed to the implicit patch. The condition
in Theorem 1 is much less restrictive.
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Although Theorem 1 gives a condition for the con-
vexity of an implicit patch, the condition is hard to use
because checking the condition for the infinitely many
points on the implicit patch is impossible. So in the rest
of the section, we use Theorem 1 to derive the convex-
ity condition of an implicit patch in terms of its control
points.

If f is a degree k polynomial given by

f=Y_ bBi(r),
A=k
then

o f
a1 07;

=k(k=1) Y buyeises BiT(7),

lul=k—2

and A = (aij(p)) is a 3 X 3 symmetric matrix whose
entries are homogeneous degree k¥ — 2 polynomials in
(r:). From linear algebra, A is positive definite if and
only if

ay1a2

o 20, a12a22

>0, and |A| > 0. (8)

In order to decide whether A is positive definite for all
points p on an implicit patch, we have to determine the
signs of the minimum values of the quantities listed in
(8) under the following the constraints,

fp)=0, (%)

n4+m+mn+ra=1 and >0 (1=1,2,3,4). (10)

Here the constraints characterize the points on the im-
plicit patch. The inequality constraints and nonlinear
constraints in (9) and (10) make the problem of deciding
the convexity of a general implicit patch very hard.

Fortunately, practical criterions for the convexity of
quadric patches and cubic patches can be derived. For
quadric patches, notice that

8 f
arioT;

= b¢i+ej

is independent of p, so the convexity of a quadric patch
can be decided by evaluating (8) with the constant a; =
beipes + o002 — beiget — bejpet-

Deciding the convexity of a cubic patch is a little bit
harder. Using the formula for Bernstein-Bezier polyno-
mials, it is easy to verify that

4
a*f
aridtj =4 Z—:x bem peites Tm

Using this relation, we can rewrite (6) as

4

Y mQm(0) 20. (11)

m=1

234

where

4
Q(0) = Y (Beigeiyemt
i,7=1
b26‘+¢"‘ - be‘+ei+cm nan be‘-}c."-}-em)aiaj'
Since the left-hand side of inequality (11) is a convex
combination of Qn(c), the inequality (11) is valid over
the entire tetrahedron enclosing the cubic patch if and

only if the inequality is valid at the vertices of the tetra-
hedron, i.e.

Qm(o) 20, form=1,2,3,4.

So the cubic patch is convex if the inequalities in (8)
holds for m = 1,2, 3,4 with constant

a.‘j = b¢i+¢j+¢m + b?e‘-{-e"‘ -— b=4+ei+em = be4+=j+¢m.

An important observation is that for each m, the
above condition is exactly the same as the convexity
condition for a quadric patch. Using the terminology of
CAGD, we can say that a cubic patch inside a tetrahe-
dron is convex if the subpolynomials at the vertices of
the tetrahedron are convex.
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