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Abstract 

This paper prese nts a n extended cube rille model for the 
identification, recons truc tion , and display of 3 D o bjects 
from 3D gray value d a ta. 3 D edge elements are gra.dients 
detected at voxels, a nd th e orient a tio ns of g radi ellt.s a re 
quantized to 26 directi ons. T he edge ele ments a re th en 
converted to t.h e ext.e nd ed c u ber ille model. T he model 
has four volum e primitives . Besides a. c n be, voxels a. re ex
t ended to include three o t.h er polyhedr a so t.h a t. voxel faces 
are compatible with 26 gradient orien tat.ions. T he mer
its of the three represent a t.ion schemes: space occ upa ncy 
enumera tio n , oct.ree, a nd surface re p resent a t.ion by t.h e ex
tend ed cuberille model a re bri efl y disc ussed . To i d e nt.if~' 

border voxels, asy mmet.ric G au ssia n filt.e rs a re a pplied to 
comput.e second deriva t.ive a t. ea.ch voxel. Co ndi t io ns are 
defin ed for ident.ifying bord er voxe ls based o n t. he s ig n of 
the second deri va tive. fro m t.h ese co ndi t. io ns, t.h e re exists 
exactly one layer of bo rder vox eIs, a.nd su bseq uent. s ur face 
tracking is th erefore s tra.ig ht.forwa rd. experime nt a.l res ul ts 
of 3D s urface iden t.ificat.i o n , trackin g . a.nd d isplay by t.h e 
extended c uberille model 0 11 t.es t. data a nd medi cal da t. a 
are given. Because t.h ere are ollly fo ur t .. vpes o f ext.ern a'! 
voxe! faces in the model, a surface o f any object. consists 
of only the four types of ext.ern al voxel faces. 

1 Introduction 

T his paper presents a n ext.ended c u be rill e modt·1 for iden
tifi cation , reconstru ctio n a Jl(I displ ay o f :3D objec t.s fro m 
3D gray valu e d a t. a . III 3D id e llt.ifi ca.t.io ll . t h re", holding is 
widely used but res t.ric t. ed . III a va.rie t), o f a pplica.t.io ll s. 
not m a ny objects can be ident. ifi ed by si mple thres hold
ing . Identification based on 3D edge det.ect.io ll is a more 
general method . Some 3D edge ope ra t.ors have beell pro
posed to detect edge element s [MR8 1] using g rad ie llt.s. 

The problem of how t.o group de t.ec t.ed edge element.s 
to reconstruct a n integral objec t. has not. bee ll disc ussed. 
An integral object represen tat. ion is a relat. il'ely new t.opic 
[Man88]. It implies t hat. if a n objec t. is represell t.ed by its 
surface, t he surface mus t. be closed a.nd wit.ho llt. m issing 
faces. If t he objec t, is represe nt.ed by a. collec t.io ll of I'oxels . 
each voxel is a solid wit.h a thickn ess so th a. t. t. he spa.ce 
occupied by the objec t call be meas u red . 

Edge elements have little geomet rical information be
cause th eir shape and size are undefi ned. As a res ul t , they 
ca.nnot be used to construct an object. What is needed a re 
modeling primitives whose shape a nd size are defin ed and 
wh ose orient.a.t. ions a re close to their edge co unterparts. 
i.e. , a mode l. C urrent ly avail a ble models a re: cuberille 
[HL79] a nd a polyhed ral model [LC87] . Both models use 
t.hres holding to identify objec ts. 

In th e cuberille model, an object is frequently repre
se nted as a collec tion of cube sha ped voxels. Volum e ren
dering algorit.hms can be seen in [Rey8 7] . An object can be 
re presented by voxel faces. Algorithms t.rackin g a surface 
of a bin ary image have bee n seen in [AF H81] a nd [GU89]. 
Because of t.h e regula rity of voxels. a n objec t can also be 
organi zed as a n oc tree. Octree related algo rithms include 
t.ree generat. ion algorit. hms [Sam80, YS83] , se t opera t.ion 
algori t hms [HS79], geo met.ric t ra nsformation algo ri t hms 
[JT80. Mea82]' a nd d isplay algori t hms [ZD91]. 

In t he polyhedral model [LC87], a cube is made up of 
eig ht. voxels in eight. ve rt.ices, t.h a t. a re eit.her in side or out.
side de t.e rmin ed by t hres holding . T he algorithm marches 
CII be by cu be , creatin g t.ri a ngle faces to model a piece of 
surface wi thin each cube. A surface m ade of t ri a.ngle faces 
ca.n be displayed using a graphics package. 

Some result.s use 3D edge detection t.o iden t. ify a sur
face . T he 3D bo und ary followin g algo rithm by [C R89] 
cons t.ru cts a 3D bound a ry by s t. acking 2D boundaries, t hat 
are ext. rac t.ed using a g ra ph search algo rithm [Mar76]. 

In th e followi ng , t he motiva t. ion to extend the cuberille 
model for 3 D edge detection a nd su rface construction is 
di sc ussed . 

Suppose t. he 3D edge ope rator [MR8 1] is applied to gray 
va.lue d at.a. It. det.ec t. s edges by com put. ing the gradient 
at. each voxel. T he gradient at a voxel can be wri tten 
as a vec tor \1 = (\1 .c , \7 y , \7 z l wi t h t.h e t hree com po
ne nt.s indicat.ing int.ensity changes along three p rincipal 
axes. T he magnitude of t.he gradient. , approximated by 
IV' I = IV'", I + lV'yl + 1\7 ,[, indicates th e possibili ty t hat 
the voxel is an edge element.. T he larger t he magni t ude, 
the more likely t. hat it. is a n edge voxel. T he d irect.ion of 
the grad ient. vec t. or det.ermines t he edge orientation. For 
si mplicit.y. t.h e d irec t.ion of a grad ient is qu ant ized to one 
of 26 direc tions (see Fig 1.) 

Su ppose a n edge is det.ec ted at. a voxel wi t h orientat io n 
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Figure 1: Three of t. he 26 grad ient. direct ions 

(1,1,1)' as shown in Fig 2(a). T he cuberille model would 
represent the edge by three voxel faces whose average nor
mal is (1 ,1,1)' as shown in F ig 2(b). But it is natural 
to represent the edge by a face whose normal coillcides 
with the edge orientation. For example, t.he t.riangle face 
in Fig 2(c) would construct a smoother surface than the 
three voxel faces. Of co urse , any othe r face wit.h the same 
normal could also be cllo~e n as a. fa ce prilllil.il'e. So t.he 
problem is t.o choose a ;;et. of 1Il0d C' lin g priJllil.il'c" whose 
normaJs reflecl. I.hc 26 grad i<'JlI direc t.ioll;; a.JHI I.h(· refo re 
result in a smooth e r surfa.cc . To solve I.he prohlem t he 
Exte nded ClI berille lIl odel i,; developed ill t.h t> II (, Xt. sec
tion . 

y 

z 

~":I ~ 
(a)Grad ient vector (b)Thc cubcrille model (c)The extended cubcri ll e 

model 

Figure 2: Differe UI tlt o ci e liug primit.ives 

2 The Extended Cuberille Model 

To model vc.xels , t.h e 1Il 0deling I'olullle prilllil.ives a re ex
tended t.o include t.hree ot. he r polyhedra (see Fig 3) so t.h at. 
t. he voxe! faces a re co mpat.ibl e lVit.h t.h e 2() gradi e lll ori en
t.al.ions. 

(d)Typc .4 

Figure 3: The se t. o f vo lu me prilllit iH's 

As showu ill Fig 3, Cll t.t iug a Cll he voxel t.h rough diago
nals of top and bottom face;; g ives t.he scco lld po l.vh edroll 
wit.h a face orient.at. ion of (1.0.1). Cul.lill g a c uhe vox t'1 
t.hrough t.hree ve rt.ices defi Jl es t.h e 1.llird a.lld t.h e fourt.h 
polyhedra, an d g ives a face o ri e lll ed al (-1 , I . I) . Sin ce 
t.h e las t t hree polyh edra a rc IIOt. ~\,IIIIII('t. ri ('. it. i~ assu lll ed 
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that. a volume primit.ive is invariant und er 90 d egree rota
tions about any principal axis. Hence th e faces o f the set 
of volume primitives give 26 orientations . Furthermore, 
t.o be able to represent objects hierarchically, it is a lso as
sumed that a primitive scaled by a power of two is also 
t. he same. The formal definition is given in the followillg. 

Let 11 be the se t o f four volume primitives shown in 
Fig 3, i. e., 1I={type_l, type_2, type_3, typeA}. Let T 
d enote the transformation of 90 degree rotations about 
t he principal axes or power o f two scalings. T hus T is an 
equivalent relation on V a nd each type_k , k = 1,2,3,4, is 
an equivalence class by T. Let I be the 3D coordinate set , 
I C Z3, Z is the se t of integers, and f is a map , f : I --+ 11, 
then 

Definition 1 A voxel Vi is a poir of (iJ(i)) , who'e f( i) 
is a volume primitive, i. e., J(i) (11, of minimum scale and 
i ar'e th e c007'dinates, id. 

Arguably, a cube could be cut other ways , as shown in 
F ig 4. t.hat. co uld aJso res ult. in 26 fa.ce orient.ations. But. 
t.ll e se t. V is be tte r than other choices for it. is th e smalles t 
set. t.hat. is closed under t.he subdivision operation . 

Figure 4: Another set of volume primit ives 

Theore m 1 Th e set If is closed tmdel' the subdivision op
emtioll , and it has the /wst cardillo/ily ol7l ong those having 
th e .samp prope1'ly. 

Proof: It fo llows direc tly from s ubdiving t he four vol
um e primitives, as show n in Fig 5(a) to (d), that the If 
se t is closed unde r s ubdivision . It remains to be shown 
t.hat it has th e leas t. cardinalit,y. Le t U be any set of vo l

ume primit.ives whose t.ype_3 a nd typeA polyhedra are 
obt.ain ed by cu ttin g a cube voxel , bul. not passing through 
face diagonals. Fig 5(e) shows diffe rent c uttings to ge t. a 
face normal (1, I, 1). Assume t.h e edge of a [ace is cut at a 
ratio '11/(1 - 1/) , as show n in Fig 5(f), t.h en subdivision of 
t.h e cube reslllt.s in a new polyhedra wit h edge cut. ratio of 
11/(0.5 - 11) . If LT is closed. it must. include at. leas t. two sets 
o f polyhedra front th e t.wo ways of c uttin g to give the same 
face orie nt.at ion. The same arg ume nt hold s for a type_2 

polyhedron. It. follows IVI > WI· 
Sin ce t.he se t. V is closed und er subd ivision , it is also 

possible to rep resent objects by octrees. 
The mathe matical definit.ion of an object in th e ex

t.e nded cube rille model is given in th e followi ng : 

D efinition 2 A 11 object. S is oreguictl'ized union oJ vox
els . S' = U:d 1'" wh el'e U· de /wtes th e ,·egu!Q.I·ized union 
opemtion. 

T he reg ulari zed se l. operations , see [Man88], d efin es A U · 

[J = c( i(A U fJ)) , wh ere c(.-\ U B) and i(A U B) de not.e th e 
clo';lJre a.nd int.e ri o r o f A U B. 
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(e) Different cUlling to get 
a race with normal (1,1 ,1) . 

u l-u U O.5-u 

(t) Subdividing introduces 
a new polyhedron. 

Figure 5: The set V is closed under subdivision. 
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The definit.ion gives the co ns tru c tive process : because 
voxels can only touch in faces, edges or ve rt.ices, it. implies 
Vin 'Vj = t/J for i =I j. Thus U'Vi re moves all int.e rn al voxel 
faces to make a solid objec t with one int.e rior e nclosed by 
a s urface . 

There a re also se ve ra l ways 1.0 r (' prc~c llt. ohj <-'Cl.s ill t.h e 
extend ed cuberill e mode!. In t.h e next. Sec tioll, th (' merit.s 
of three represe nt.a.t.i on schc me>', t.ll c' e nllm eratioll ,",c li E' nw , 
octrees, a nd s urfa.ce represe ntaJi o n, a rt" hrie fly di ;:c ll ssed. 

3 Merits of Representation Schemes 

The s pa tial enumera t.i o ll sc hem e in th e ext.e lld ed c llberille 
model lis t s a ll voxels whose s paces are e it.he r fully o r par
tiallyoccupied by a n objec t.. Th e int.e rio r of a ll objec t. is 
filled by type_l voxels because th ey are fllll~' occ upied. All 
t.ype_2 t.o typeA voxels represe nt. pa rt.ia lly occlI pi ed s pace 
a nd are t.he refo re o n t.h e ho rd er of t.h e objec t . Ty pe_1 
voxels co uld also be o u th e bord er if the s llrfa.ce passes 
through at least. o ue of it. s face!:'. For C"xillllple, F ig 6( a) t.o 
(c) s how an m a t.h em a t.i ca lly defi ned objec t, it.s " pace enu
me ration represe nt.at.io u in t.he ext end ed c ube rill e model, 
and its space occupied in t.h e c uherille IlI od e!. Alt hough 
the represent.at.ion g ives a smoot. he r s \ll'face, it. is not. as 
st,orage e ffi cie nt. as it.s cO llnt.eq><lrt. ill t.he c lIbe rille model, 
for it need s t.wo a rgument.s - coo rdin a tes, ty pe o r g rildient. 
direction - to lis t a voxc l. 

(a) Defined object. (b) Space enumeration (c) Space enumeralion 
in the extended cubcrille in the cubcrillc model. 
model. 

Figure 6: A l11aJIIt:' l11 a t.ically c1 efill(' c1 obj ec t <l lld its 
representation. 

An oct.ree in t.h e exte nd ed ClI be rille model may have 
five t.ypes of leaf nodes . In addit.ion t.o t.he c llhe s haped 
black and whit.e lea.f nod es, t.ype_::!, t.vp C'_J a lld t.ypE'_'1 leaf 
nodes represen t. part. ia lly occ llpi C'd ~ p acl' ,lIId a.re a.1I hla.ck. 

An octree represe nting the objec t in th e previous exa mple 
is shown in Fig 7( d) , Compared with the octree in the c u
berille model (Fig 7(c) ), the octree in the exte nded mod el 
is more concise because it includes leaf nod es to represe nt 
certain partially occupied s pace, Now cons ider two ex
treme cases show n in Fig 8, For the object in Fig 8(a), 
t.he octrees for the t.wo models would be I.he same, For t.he 
object ill F ig 8(b), the subdivision around the bord er in 
the cuberille model would reach the voxel level, whe reas 
there is no subdivisioll in the e xtend ed mod el, because 
the root node is a leaf node, For th e object with a surface 
slope as show n ill Fig 8(c), the subdivision in th e extend ed 
mode would, in the worst case , reach th e voxel level. T he 
following co nclusion results: 

Theorem 2 To I'e1)1-esent an objec t, the size of {J1l octl'et' 
ill th e extended c lIbel'ille model is at most th e size of (Ill 
oct,'ee in th e cube l-ille m odel. 

z 
(a) Space subdivision, (b) The subdivided object. 

~~ 
0 123456 70123 4567 0 123 456 7 

(c) The Octree in the 
cuberill model. 

(cl) The octree in the 
extcnted cuberille model. 

Figure 7 : An oct- ree represented object in t he ex
tended cuberille model. 

(a) (b) (c) 

Fi gure 8: Compa rin g t.ret' s ize In I.wo m odels. 

A s lIrface re prese nt.at. io n lis ts a ll voxel faces o n the s ur
f;lce . Sill ce any objec t is m ade up of four types of voxels, 
alld by examing Fig 3 , t.h e re are on ly four types of voxel 
faces, as s how n in Fig 9. It. the refor e follows : 

Theorem 3 Th e fotl1' I.ypes of el: len w l voxel f oces shown 
in. Fig 9 CO il clos e lit e s1I1 jo ce of (lny obj ec t . 

Sin ce t.he re a.re only fo ur types of voxel faces III th e ex
t.ellded c llbe rille mod e l. it. is ex pec t.ed t.h a. l. t.h e imple men
tat.ion of a surface represe nt.at.io n is uo t. very cO lllplicat.ed. 
On t.he ot. her ha.nd , the s urfa.ce of a ll obj ec t lII ay no t. al
wa.I's be I'c ry smoot.h . 
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4 

R &2(1 ~ ....••. -R. LY l.2:!I ~ 8st1 
Figure 9: Four typ t:'s of external voxel faces. 

Converting to the Extended Cuber
ille Model 

This Section gives th e implementation for cOllverting edge 
elements to modeling primitives in order to display an edge 
image. 

The characteris tic of the extended cuberille model is 
that each voxel has a face whose normal coincides wit.h 
the edge orientation. This face is t.ermed a fac e prim
itive. A voxel can therefore be referred to as eit.her a 
volume primitive or a face primitive. The lIext section 
gives the implementat.ion using a one-byt.e code to reco rd 
edge orient.ation. 

4.1 The locatioll/directioll eodc~ 

An edge specified by a. gradie nt. vect.o r hilS bot.h magni
tude and orient.ation. Th e magnitude is st.o red a.s an in
teger , and the orie nt,at io ll is cOlIl'(' rted t.o a onc-by te 10Cit
tion/direct.ion code. loedir code for short. . Since t.hc·re are 
26 edge orient,a,tions, th e o rient. a tio ll of all edge i~ recorded 
in the lower si x bits of ih loedit' code wit.h one bi t for each 
x, -x, y, -y ,;; a,nd -z direc tion. Ea.ch locat. ion/direct. ion 
code corresponds t. o a volume primit.ive, Fig 10 gives t.h e 
loedir code for th e four volum e prilllit.il'es. Since t.ype_:3 
and typeA face primit.il'e", have t.h e salll e 1I0rmal , t.hey are 
distinguish ed by t.h e fact. t,h ilt. atype_:l voxel is o llt.side all 
object and a t.ypeA voxel i;; illside, Bit. ;; ix of t.lle loca
tion/direction code is th e illside/o utsid e bit. l3ecall;;e a 
type_4 voxel is inside, bit. six of it.s loed ir cod e is set t.o 
one. 

The inside/out.s ide qu es t.ioll i;; t.es t.ed wit.h th e edge di
rection as follows: if 1' 1 a. lldl'2 a re th e t.wo voxel lIeigh
bors in the :3 x J x :3 lI eig ldJorh ood alo ng th e gradiellt 
direction, th en 1'0, t.h e ce llt.ral I'oxel, is inside if 1(1'0) 2: 
[f(ud + f( u2 )]/2 . othenvi:;e it i;; o llt.side. I(I ',), i = 1. 2, 
is the intensity value at I'oxc/ I', a lld it, is a.s;; ulll ed th a t. 
objects have larger inte ll sit.y valllc;; tha.1I t.h e backgroulld , 

A t.ype_1 I'oxel is a lways set. t.o in ;; id e, A t.ype_2 I'oxel 
can be set to e it.he r inside or out;;idf'. In t.he illlpiclll ellt.a
tion , it is set. to out.side. 

Bit 7 of the loed ir code is u;;ed t.o IIl a,rk a, I'oxel visit.ed 
in t.he surface t.racking a.lgo rit.hlll (see Se('. 6), 

Hence applying t.he :3 D ed ge operat or t,o a :3D ar
ray res ults in an a rray o f edge llIagnit.ud es a nd loca
tion/direction codes. 

4.2 Display au Edge Image 

The locat.ion/direc t.ion code, along wit.h t.h e I'(lsel coonli
nat.es , specifies t.h e t.ype (s hape), loca.ti on alld lIorma.1 of 
t.he corresponding fa.ce primit.il'es. but, lI o t, t. 11 (' ~izc , Tlli;; 
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fi?I.: ....... : ... : ... . 

tt.v 
race normal: x x+z -x+y+z -x+y+z 

~'::~?~ I hi III I hi III hi II hi 
o!izyx o!izyx 

III hi hid I I hi hi hhll 
o!i z y x o!i z y x 

(d) Type_ 4 

Figure 10: The location/direction codes for the four 
volume primitives. 

section describes how to store and access the geometrical 
informat.ion of face primitives so that. an edge image can 
be displayed . 

A data structure, called TABLE, is created to save the 
geometrical information of the four face primitives. The 
first two levels of t.he t.able necessary to display an edge 
image are depicted in Fig 11. The table has 128 ent.ries , 
corresponding t.o t.h e lower seven bit.s of loedir codes. The 
ent.ry index specifi es t.he t.ype of face primitives stored in 
t.h e entry. Each t.able ent.ry has t,wo fi elds: a pointer , called 
face, point.ing to a BASIC_FACE structure wh ere the in
dexed face is st.ored, a nd a coord inate transformation m a
trix. Since the lower seven bits are not fully used, some 
ellt.ries are empt.y, 

Index 0 21 22 

center_coors 

'jz 
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BASIC FACE 

lvpe 3 

center coors 

of vertices: 

' ix I 'iv I ' iz 

66 

4 

center _ coors 

of vertices: 

Figure 11 : The TABLE strll cturt:' 

A face primit.ive in an basieface entry is defined by 
three list.s of vertex coordin a tes, *ix, *iy, *i z. Some other 
illformation s uch as the Ilumber of vertices, th e ce nter co
ordinat.es of t.he fa.ce are a lso s tored in the st ru ct ure . To 
display an edge, t.h e edge loedir code is used t.o index a 
table entry, and t.h e face vert.ices pointed to by the face 
poillt.e r are read out and take a coordinate transformation 
wit.h th e ent.ry llIat.rix so that th e resulting face normal is 
consistent wit.h th e edge orientation. 

5 Border voxel identification 

Once t.he edge ele ment.s a re conve rted to mod eling primi
t.il'es, t.he next. pro blem is to ident.ify border voxels so th a t, 
it. is possible t.o reconst. ru c t. and display t.h e s urface, 

Si nce t.he seco nd direct.ional d e rivat.ive of an intensity 
cha nge Il a~ a s t.eep slo pe arollnd t.h e zero crossing, t.hat. cor-
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responds precisely to the peak of th e gradient (see Fig 12) , 
Marr and Hildreth [MH80J suggested that. zero-crossings 
can be used to d etect edge elements. To compu te zero
crossings, a Gaussian filter is used to smooth th e noise. 
Because the intensity change o f all image is usu a.lly un
known , t he directional seco nd derivati ve is taken against 
the Gaussian filter . Hence zero-crossings are zero points 
resulted from convolving the directional seco nd d erivative 
of a Gaussian filter with im age in tensity. In this paper, 
a border identification method based on signs of second 
derivatives is proposed. 

object I v) background 

g (a) Intensity I(v) defined 
in g axis. 

.. g 

(b) Gradient uf I(v). 

I"(v) +. ,,' &~ ,,,,.,, •• ,., ",' 

Figure 12: The zero-cross in g co rresponds prec isely to 
the peak o f t.he g rad ie llt . 

Since int.ensity value has IIla X11I11I1I1 r hallgl' ral·e in t.h e 
gradient direct ion , it is reasollabl e to aSS IIII H' that in a 
small neighbor hood of a I'ox el. illt.e ll s il y does lI ' l cha.lI ge 
significantly in th e perpelldi c lll a.r dir"c( io n. T his slIggests 
that an asymme tri c 3 D G aussia.1I fi It er ca 11 be u>:'ed to 
smoot.h the data. T he long sca.l e of Ill(' Ga.lIs>:'ian filter 
coincides wit.h t he grad ient direct. io ll of it I'ox<:l, which is 
one of the 26 . Because of sho rte r scales in th e 0 1 her two 
dimensions, computing :l D cO llvolutio ns Ca.1I be speeded 
up . 

Let I(x,g, z ) be th e inte llsit.~, fUll ction a.! 1'0xell'(.1', g, z ), 
a nd G~ be the second derivative o f a ll 'lsY llIllIcl.ri c Caus
si an filter in t.h e gradi e nl direcl io n .'I of I'oxel ('. De
note w(x , g , z) t.h e res ult of the discrele cO III'ulnti on of 
G~(x, g , z) with 1( 1', g , ;;), 

11'( :r,y, .: ) = (;~(.r.y . . ;) * 1(.,. . .1/ • .: ) . (J) 

To compute the discre te co nvolutio n. a {l'; 11 , I , b} coordi
nate system is es t ablished ilt. e ve ry I'oxel 11. Tile ,LXis ii at 
v is always se t in t.he g radi ent direct ion of 1'. o lle of th e 
26, so the syst.em {·v; 11 , t. b} cha nges fl'OllI \'oxe l 10 voxe!. 
Transform the coo rdin ate syst.e m {O; J.:, y, z } to {l ': 11, I, b} 
and express the above co nvolutioll ill t.e rlll s o f (11, I. b) as 

1iJ(n, l , b) = LLLG;;U.j.k) / (II-i. I -J.h-kj . (1) 
k 

At the origin t', 

ti'(O . O, O) = u·( :r, y . . ~). 
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Zero-crossings are those voxels whose w(x,y, z ) = O. 
Asymmetric Gaussian filt.ers for 26 gradie nt direc tions 
have been designed (see [QD92)). 

The w(x, y, z) in (2) is defin ed on voxels of integer 
coordinates and is undefined be tween voxels. Because 
of the disc rete nat ure of voxels, not m any voxels have 
w (x , y ,z ) = O. Observe Fig 12 , however , t hat for a bright 
object surrounded by a darker background and for those 
voxels v( x, y , z) close to the border , w( x, g, z) is negative 
inside the object and positive outside. There exists ex
actly one layer of voxels on which w (x, y, z) is negative 
and changes sign for neighbors in the g-direction. This 
layer is called the negative layer. Simila rly, there exists 
exact.ly one posit.ive layer of voxels. It is possible t.o define 
eit.her the negative layer or the positive layer as the border. 
Since the negative layer is part of the object, the border is 
d efi ned as the negative layer of voxels. zero-crossing vox
els can be treated as either positive or negative, and are 
a lso included in t.he border set. 

Therefore, for a bright. object. surrou nded by a darker 
background, ift '(2:, g, z) is a border voxel, it. mnst. simul
t.an eously sat.isfy t.he following inequalit.ies : 

(('(x,y, z) -:; 0, 
w(:r -1,y,':) < 0, w(:r + 1, y. z) > 0, 
IO( x, Y - I , z) < 0, w( 1:, y + 1, z) > 0, 

w(J.:, y, z - I ) < 0, w(x, g , Z + 1) > 0, 

if \7 x i- 0, 
if \7 y i- 0, 
if \7 z i- O. 

(3) 

Sim ilarly, for a dar k object. s urrou nd ed by a bright.e r back
grou nd , th e bord er voxels can be defin ed as th e positive 
layer of \'oxels. T he grad ient. components \7 x, \7 y , \7 = of 
a voxel l' are silVed in its loedi r cod e and can be easily 
t. es ted. 

T he ineq ualiti es (:3) are co nditio ns t. o identify border 
voxels. Obviously, t.here is ollly oll e layer of voxels that 
will sa t.i s fy th e co nd itions. T his makes subseq ue nt surface 
t.racking st raight. fo rwa rd. A su rface tracking algori t hm is 
given in t.he nex t. sect. io n. 

6 The Surface Tracking Algorithm 

T he surface tracking algorithm trave rses border voxels, 
cO llve rt. s t.he voxels t.o face primit.i ves de fin ed in t.he ex
tended C ll berille model, ilnd co nn ec t.s t.h e faces in a closed 
surfa.ce. 

:\n example is give n in F ig 13 (a) to (e ) to show how a n 
objec t is covert.ed t.o a surface. T he object is a 4 x 4 x 4 
cube de fined by t hres holdin g. According to condit ions P). 
however, the obj ec t border is the set of voxels show n in (b) 
T he border voxels a re convert.ed t. o th e extended cuberille 
model in (c), wh ere each border voxd is represe nted by 
a face primitive . Because ea.ch voxel is co nverted t.o one 
face primitive, th e res ulting s urface in (c) is not closed. 
T herefore t.h ere is one more sl.ep to fill mi"sin g faces 10 

close th e surface, as shown in (e). 
T he surfa.ce tra.ckin g a.lgorithm IS ou t. lin ed 

ill Fig 14 . It has ba.sica.lly two tasks : cilllin g procedure 
Border..face_trackingO in line G to trave rse a.1I t.he bor
der voxel faces, a nd callin g proced u re Close_surface () in 
lin e i to co nll ect bo rd er \'oxel fa.ces t.o close t he s urface. 
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(a) An object defined by thresholding. (b) The objcct border voxels 
defined by conditions (3) . 

~
'" . . S .. " 

:;;:':': 

" 

(c) Converted to the extended 
cubrille model. 

• . er.""'" ., s 1" , 
~ ,~ 

" .. : . . ".-. .... ) 
. . .. ). .. 

(d) The embedded grdph. (e) Surface closure. 
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breadth-first search can be used for tracking border vox
els. The BorderJace_trackingO proced ure is outlined 
in Fig 15 . 

1 

2 
3 

x,y,z; 
*current_voxel; 

Border_face_trackingC) 
{ 

unsigned char index; 

get_start_face; 
span_start _faceC); 
IlhileCcurrent_voxel=de_queue_frontC) { 

4 
Figure 13: An example to show t.he surface tracking 5 

steps. 6 

x=current_voxel->x; 
y=current_voxel->y; 
z=current_voxel->z; 
index=grad_loc_dir[x] [y][z] i-MARK; 
Neighbor_faceCindex); 
add_to_display_tableCx,y,z,index); } Surface_trackingCobject) 

char *object; 
{ 

1 read_dataCobject); 
2 edge_detectod) ; 
3 zero_crossingO; 
4 init_listsO; 
5 make_tableO; 
6 Border_face_trackingC); 
7 Close_surfaceO; 

} 

Figure 14 : The s lIrface l.ra ckill g a lgo rit hil i 

Before trackin g t.h e border voxd faces, from lin es 1 t.o 
line 3, the procedure read_dataO read~ th e d ata lIamed 
object to a n 3D unsig ned charact.er array scene. T he 
procedure edge _detectorO applies a :3 D edge' opera.t.o r 
to the data a rray, res ult.in g in an 3D un sigued charac
te r array grad_locdir of 10ca.t. io ll/ciirect.iolJ code:;. and it 
3D short. int.eger a rray mag of gra.cii(,nt. In ag nillld es. T he 
locdir code of a voxe l rdlect:; t.hc face nOr/lJill th iLl. is 
necessary inform a t.io n fo r displil .v. T he g radient. JIIag ni
tud e is used as a. ro ug h I.hn's hold 10 a",:; ist in bord vr vox el 
identifi catio n. T he proced u re zero_cross ing () CO JII put.es 
w(x,y,z) at. every voxel u(J· , Y. z ). res lJitin g in a. :lf)short 
int.eger array Il . Imple lll e nt. iLl.io ll s o f I he:;(' procedures a re 
st raight.forward , he nce no d e t.ails will be g ive n here. 

In lines 4 to .5 , procedures iniLlistsO a nd 
make_table 0 init.ia.lize a.1I a.ssocia l ed dat.a stru('\.ures , 
such as queu e, li st.s. tabl es. e t. c.. used by t.h e 
BorderJace_trac kingO a lld Close_surfaceO proce
dures . 

As show n in Fig J3( cl) . if borde r y(Jxcis a lid Ih e ad
jacency re lat. ions bet.w(·elJ \'ox(' ls ca lJ he In odcled as it 
grap h, in which nodes arc bo rd e r voxcls a lJd cdge,;; are 
adj ace ncy re la.t.io lJ s be t.wC('11 pa ir;; of \'()xvk it s l alJda.rd 

7 
8 

9 
} 

Figure 15: The border face tracking procedure . 

T he und erlying dat.a st.r ucture is a qneue, wh ere each 
qu e ue cell has t.hree intege rs , x, y, z , for recording t.he co
ordilJ at.es of a borde r voxel. 

In t.h e procednre, t.he lIIicro geCstarLface in line J 
reads t.he coo rdin at.e,;; o f a s tart. border voxel, a nd the pro
cedure span_start _faceO in line 2 searches its adjacent 
border \'oxels. mar ks t.hem and qu e ues t hem. 

The while loop in line 3 s t. a rts tracking border voxels. 
A qu eue cell is obt.ained from t.he queue as the c urrent 
\'oxel. In line 8, procedure Neighbor...faceO is called to 
search for t.he c urrent. voxel's adjacent. border voxels. It 
scans a ll adjacent. voxels, t.esting if any sat. is fi es t.he cond i
tion (:1). Meanwhile if a border voxel is unmarked, m ark 
it a nd qu e ue it.. Afte r th e procedure NeighborJaceO 
re t.urns, add_to_display_table 0 is called to add the cur
re nt. voxel coo rdill a t. es, x y z , and it.s locdir cod e , index , 
t.o a s t.ru ct. ure a.n ay t.o display t.h e voxel face lat.e r. While 
th e qu eue is 1I0t. e lllpty, the loop co nt.inu es to the next. 
cell in th e qu e ue. T he Ilhile loop s t.ops once the queue is 
e lll pt.y. 

The tillle complexit.y of Border ...face_tracking 0 d e
pends on the Ilhile loo p a nd th e procedure call 
NeighborJaceO. It is analyzed below. The dat.a to start. 
t.racking are t.hree 3 D arrays, grad_locdir , grad...mag , and 
Il . Bit. seven of grad~ocdir is design a t.ed fo r m a rk
ing, he nce checkin g a nd markin g a voxel visited can be 
don e in cons tant t.im e. As a res ult, th e tillle to exec ute 
NeighborJaceO depends on th e number of adjacent. vox
els that. a border voxel cou ld have. Since eac h unmarked 
borde r \'oxel is pl a.ced in t.h e qu eue once , t.h e Ilhile loop 
i ~ cxec ut.ed 0 111.1' once fo r every bord er voxe!. Denot.e t.h e 
nlllllhe r o f adjacent. voxels t.h at a border voxel has as k , and 
th e t. ot,d nUlllbe r o f t.he border voxels as nB , th e time CO I11 -
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plexity of Border-face_trackingO is therefore O(knB). 
For a given object, nB is determined by the condi

tions (3) and is fixed . But k varies with the number of 
adjacent voxels that a border voxel could have. A way to 
define the adjacency relation between pair of voxels is by 
digital topology, where two vox els are adjacent each ot.her 
if they are either face, edge or vertex connec t. ed . By this 
definition, each voxel has 26 adjacent voxels . Hence the 
constant k is about 26 . 

Observe from Fig 13(c) , however , that in the extended 
cuberille model, every border voxel can be converted to 
a face primitive, and all th e face primitives are on a sur
face. Intuitively, a face normal shouldn't have dramatic 
change from one border voxel to an adjacent. one because 
the surface is supposed to be smooth. This suggests that 
the face normal of a border voxel can be used to assist 
in defining adjacent voxels. This result.s in less than 26 
adjacent voxels. Furthermore, face primitives are either 
square or t.riangular fa.ce. see Fig J . hellcc a. faH ' prilllit.ive 
has at most. four edges. As a. rcsult., t.h e re ar< ' al. lIlost. 
four ways t.o connec t. t.h e c urre nt face to t.h (· lI exl. fa.ce. 
The neighbor conn ect.i ons a.re c".Il ed olltways o f I he Cllr
rent. voxel. In t.h e implelll ent.al.io ll . I.he Neighbor..faceO 
procedure searches out.ways in s lea.d of all a.dj an·nt. voxcls. 
Whenever a bo rd er voxel of iLll o ut.way is foun d , t.h e ~("Lrc h 

breaks and proceeds t.o t.h e next. o llt.way. Tlli s red li CE' '; t.h e 
constant k to about. half. iLml speeds lip ho rd er filCC' I rack
ing. No furt.h er de t.ails will be give n . The int.e rcs l ed reade r 
may refer to [QII92]. 

For each adjace nt. border voxel fOllnd fo r all OIlt.WilY. 
t.he Close-Burf ace 0 proced 11 re chec ks fa.ce CO llll cc tions 
between th e current. fa.ce primit.ive and I.he adja.cc nl face 
primitive . If t.h ey are co nn ecl ed. do not.hin g. Ot.her
wise the procedllre t.ries 10 find IlIiss ing voxc- l face~ alld 
adds the missing faces t.o t.h e dis pla.v lable. Sin cc pro
cedure Close_surface 0 CXf'C II t.e,; o nl.v for di sco nll ected 
border voxel faces. il. is expcc led 10 he fas le r t.ha.n 
Border-face_trackingO. 

Back t.o t.he Surface_tracking algorit.hlll in Fig J4 , 
since th e first. three proccdllres 1V0rk on t.h(· e ntire d al.a 
volume , the algorit.hm is a VOllll1l e ha.sed <I.lgo rit.hlll aft e r 
all. Once voxel faces of a SlI I' face a re :> <I.vcd ill I II(' di ", pl iLY 
t.able , however , t.h e t.im e of a ll s llhsequ e nl o pera lion" slIch 
as display, rot.at.ion a nd scalinl!; . e t c. . o peral c Oil I he bor
d er voxel faces, and t.herdo rc i,; ill I o rdn of 111 ( ' 1111111 he r of 
border voxel faces of all object. i.e., 0(1111). 

7 Experimental Results 

Fig 16 shows surfaces of a t.cst o bjec t and il lIl edi cal oh
ject obtained from real dat.a. The t. es t. objec t is a. sphere 
of volume 40 x 40 x 40 lVil.h 16 gray valu es. S ill ce t.h e 
test object is darker th a n t.h e backg roulld . it.1; ha rd e r is a 
posit.ive layer of voxels . The s urfa.ce of I.he ~ ph e r (' ha", 509 
borde r voxels and 797 voxcl faces. I I can hp spe ll I h it!. I he 
surfaces consis t. of four t.ype;; o f voxe l fan 's. 1'11 (' illla gC's is 
displayed using a graphics package \\'1 1'\ DLlll [CH S,] 011 

a Sun3/60. 

Figure 16 : Surfaces of a t.est. object. and a medi cal 
o bj ect from real da t. a. 

The dat.a size of t.h e medical object is of 208 x 208 x 26 , 
resulling fro III linearly int.e rpolat.ing 6 C T slices produc
ing 5 be t.wee n ;;uccessive pairs. The gray valll es were a.lso 
linerly mapped t.o t.he range from 0 to 255 . The object. 
ha.s a bright.e r calor t.han t.h e background , the refore , it.s 
border is a negat.ive layer of voxels. There are 17 ,,42 
border voxels det.ect.ed and 26 ,409 voxel faces o n t.he sur
face . Hllnning gprof s hows t.hat t.h e exec ution t.ime for 
Border..face_tracking on a SIIn4 is a bout. 5.5.32 seconds . 
and checkin g face connec t.io ns and close t.h e surface takes 
33.26 second s. 

The illlil.ge is displayed on it Silicon Graphics Iris st.at.ion 
4D/35. To displ ilY 26 ,409 faces t.akes ollly ",econds. 
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8 Conclusion 

The ext.e nded cuberille llIodel int.rodu ced in t.his pape r 
provides a way to ide ntify, reconst.ruct and displ ay 3 D ob
j ects based on 3D edge de t.ec t.ion rath e r than thres holding. 

3D edge ele ments are gradicnt.s, and o ric nt. iLt.ions of gra
dients are qu a nti zed to 2G direc tions. The model has fOllr 
volume primit.ives. Bcsid es it c llbe, voxe ls arc ext.ended t.o 
include three othe r polyhedra so t.h a t. voxe! faces are COIll 
patible with 26 gradiellt ori ent.ations. The mer its o f the 
three representation sche mes: space occ upan cy e nume ra
tion , octree, and surface represe nt.at. ion by t.he e xt.ended 
c ube rille mod el are brie fly disc ussed . 

To identify borde r voxels, asy mm et. ric Gaussian filters 
are convolved with th e gray value data to comput.e seco nd 
de rivatives of inte ns ity cha nges at. e vc ry voxe!. CO llditions 
for identifying borde r voxe ls based on th e signs of t.h e sec
ond de rivatives are given in in equalities (:3) . From these 
condit.ion s, t.h e re exis t.s e xa.c t.l.v OI1 C layC' r of ho rd e r vox
eis, and subseque llt. s urfa n ' I ra ckill g co uld hc' ~ illl p l y 1)(' a. 

breadth firs t sea rch. 
A s urface t.rackin g a.1J,?;o rilhlll II s ill g I.h", co ndi t. io ns 1.0 

identify borde r "oxel is g i"e ll . The surface I rac kin g illgo
rit.hm has t.wo t.a.sks: I.ra\'(' r;;", bordC'r voxel fa ce;; alld d ose 
a s urface . A na lys is a nd expc rim cnl a.1 re;: lIlt s ha \'(' show n 
t.hat the the t.im e co mplex il.y of t.h e s urface l.rackill J,?; algo
rit.hm d epend s o n th e border face t.r ac kill g. and is a ll o rd f' r 
o f number of border voxe ls o f a. t.racked ohjec t . T ra ckin g 
o ut.way:> ins t ead o f 26 adjace llt voxels is fllrth e r s ll gge;; t.cd 
t.o speed up bo rd e r voxe l t.ra.ckin g. 

Experim ent.a l res ult.;; o f :ll) s lIrfa cC' id c lllifi ('a li o ll , Ir a.ck
ing, a nd display by t.h e ex t. e lld c'd c lIlH'ri ll C' IIl odel 0 11 a. t. e;; t. 
objec t a nd a mediu ll o hj ect. 1'1'0 111 rea l d a l a are gi\'(' II. Be
cause th e re a re o llly fOllr Iy l'cs o f v()xe l facc's in 111 (' IIl od el, 
a s urface of any o bjec t. cO llsists o f Dill .\' fOll r Iyp<,,; o f voxel 
faces, 
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